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Abstract. We study Z-graded modules of nonzero level with arbitrary weight multiplic- 
^— V \ ities over Heisenberg Lie algebras and the associated generalized loop modules over affine 

rvq ' Kac-Moody Lie algebras. We construct new families of such irreducible modules over 

Heisenberg Lie algebras. Our main result establishes the irreducibility of the correspond- 
ing generalized loop modules providing an explicit construction of many new examples of 
irreducible modules for affine Lie algebras. In particular, to any function </? : N ^ {±} we 
'^ ' associate a (y9-highest weight module over the Heisenberg Lie algebra and a 93-imaginary 

Verma module over the affine Lie algebra. We show that any (/s-imaginary Verma module 
Lh ' of nonzero level is irreducible. 

1. Introduction 

Affine Lie algebras are the most studied among the infinite-dimensional Kac-Moody 
Lie algebras and have widespread applications. Their representation theory is far richer 
(^ I than that of finite-dimensional simple Lie algebras. In particular, affine Lie algebras have 

0\ • modules containing both finite- and infinite-dimensional weight spaces, something that 

Q . cannot happen in the finite-dimensional setting. These representations arise from taking 

non-standard partitions of the root system; that is, partitions which are not equivalent 
O ' under the Weyl group to the standard partition into positive and negative roots (see jDFGj ). 

For affine Lie algebras, there are always only finitely many equivalence classes of such 
nonstandard partitions (see |F4j ) . Corresponding to each partition is a Borel subalgebra, 
and one can form representations induced from one-dimensional modules for these Borel 
/\ • subalgebras. These modules, often referred to as Verma-type modules, were first studied by 

j^ ■ Jakobsen and Kac |JKj , and by Futorny [F3[ IF4j . Results on the structure of Verma-type 

modules can also be found in ( |CollFlllFSj ). 

Let Q be an affine Lie algebra, f) its standard Cartan subalgebra, and 3 = Cc its center, 
where c is the canonical central element. Let V be a weight g-module, that is, V = 
gfj, V^, where \/^ = {v & \/ \ hv = ^{h)v for all h G P)}. If V is irreducible, then c acts 
as a scalar on V called the level of V. The theory of Verma-type modules is best developed 
in the case when the level is nonzero [F4j . For example, the so-called imaginary Verma 
modules induced from the natural Borel subalgebra are always irreducible when the level 
is nonzero ([JK], jF2]l 

The classification of irreducible modules is known only for modules with finite-dimensional 
weight spaces (see [FT] ) and for certain subcategories of induced modules with some 
infinite-dimensional weight spaces (see for example, |F3j . [FKMj . |FK] ). Our main goal 
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is to go beyond the modules with finite-dimensional weight spaces and to construct new 
irreducible modules of nonzero level with infinite-dimensional weight spaces. Examples of 
such modules have been constructed previously by Chari and Pressley in |CPj as the tensor 
product of highest and lowest weight modules. 

Here we consider different Borel-type subalgebras that do not correspond to partitions 
of the root system of q. Such a subalgebra is determined by a function y) : N — ;■ {±} on 
the set N of positive integers, and so is denoted b^. The subalgebra b^ gives rise to a class 
of 0-modules called (p-imaginary Verma modules. These modules can be viewed as induced 
from (y9-highest weight modules over the Heisenberg subalgebra of q. This construction is 
similar to the construction of imaginary Whittaker modules in |Ch] , but unlike the modules 
in [Chj . our modules over the Heisenberg subalgebra are Z-graded. If '^{n) = + for all 
n e N, then b^ is the natural Borel subalgebra of g. 

We establish a criterion for the irreducibility of (^-imaginary Verma modules. It comes 
as no surprise that any such module is irreducible if and only if it has a nonzero level. 

Next we consider the classification problem for irreducible Z-graded modules for the 
Heisenberg subalgebra of g. The ones of level zero were determined by Chari [C]. Any 
such module of nonzero level with a Z-grading has all its graded components infinite- 
dimensional by |Flj : otherwise, it is a highest weight module. We classify all locally- 
finite Z-graded irreducible modules of nonzero level for an arbitrary infinite-dimensional 
Heisenberg Lie algebra. We show that these modules have a Z°°-gradation and can be 
obtained from weight modules over an associated Weyl algebra as in (BBFj by compression 
of the gradation. This leads to an equivalence between the category of locally-finite Z- 
graded modules for Heisenberg Lie algebras and a certain category of weight modules for 
the Weyl algebra Aqo. Examples of such modules were considered earlier by Casati [Caj . 
where they were constructed by means of an action of differential operators on a space of 
polynomials in infinitely many variables (compare Theorem 14.211 below). 

We use parabolic induction to construct generalized loop modules for the affine Lie alge- 
bra Q. The modules are induced from an arbitrary irreducible Z-graded module of nonzero 
level for the Heisenberg subalgebra of g. This construction extends Chari's construction to 
the nonzero level case. Our main result establishes the irreducibility of any generalized loop 
module induced from a locally-finite irreducible module of nonzero level for the Heisenberg 
subalgebra. By this process, we obtain new families of irreducible modules of nonzero level 
for any affine Lie algebra. The irreducible modules constructed in |Caj are "dense" in the 
sense that they have the maximal possible set of weights and hence are different from the 
ones studied here. 

It should be noted that all results in our paper hold for both the untwisted and twisted 
affine Lie algebras. 

The structure of the paper is as follows. In Section 3, we construct y^-imaginary Verma 
modules for affine Lie algebras for any function yj : N — > {±}, and establish a criterion for 
their irreducibility in Theorem 13.51 In Section 4, we study Z-graded irreducible modules 
for the Heisenberg algebra. Theorems 14.51 and 14.151 (see Corollary I4.16P provide the classi- 
fication of all irreducible locally-finite modules of nonzero level for the Heisenberg algebra. 
Finally, in Section 5, we introduce generalized loop modules for affine Lie algebras and 
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study their structure. These modules are induced from irreducible locally-finite modules 
over the Heisenberg subalgebra of g. Our main result is Theorem 15.61 which establishes 
the irreducibility of any generalized loop module induced from an irreducible locally-finite 
module of nonzero level for the Heisenberg subalgebra. Hence, we develop a method for 
constructing new irreducible modules for affine Lie algebras starting from an irreducible 
locally-finite module over the Heisenberg subalgebra. In general, these modules cannot be 
obtained by the pseudo-parabolic induction method considered in |FKj . 

2. Preliminaries 

Let g denote an affine Lie algebra over the complex numbers C Associated to g is a 
finite-dimensional simple Lie subalgebra q with Cartan subalgebra f) and root system A. 
There are elements c,d oi g (the canonical central element c and the degree derivation d) 
so that () = [)© Cc © Cd is a Cartan subalgebra of g, and 3 = Cc is the center of g. The 
algebra g has a root space decomposition 

g = f)© g„ 

aGl)*\{0} 

relative to f), where g^ = {x G g | [h,x] = a{h)x for all h G t)}. The set A = {a G 
f}*\{0} I ga 7^ 0} is the root system of g. Let A = A+ U A_ be a decomposition of the 
corresponding finite root system A into positive and negative roots relative to a base H of 
simple roots. When there are two root lengths, let A; and A^ denote the long and short 
roots in A respectively. The root system A of g has a natural partition into positive and 
negative roots, A = A+ U A_, where A_ = — A+. Moreover, A+ = A!^ U A^, where 
the imaginary positive roots A||" = {n5 \ n G Z>o} are positive integer multiples of the 
indivisible imaginary root 5, and the real positive roots A|^ are given by 
(2.1) 

{a + n(5 I a G A_|_, n G Z}, if r = 1 (the untwisted case), 

{a + n5 \ a e (As)^, n G Z} U {« + nrS \ a G (Ai)+, n G Z} if r = 2, 3 and 



A^ 



not 1X2^ type 



{a + n5\ae {/^s) + , n eZ} VJ {a + 2n5 \ a e (Ai)+, n G Z} 

U{\{a + {2n- 1)5) \ a G (A0+, neZ} if Ag^ type. 

We refer to [K] for basic results on Kac- Moody theory and for the notation used in (12. ip . 

A subset S of A affords a partition of A if S U (— S) = A and S fl (— S) = 0. A partition 
A = Su(— S) is said to be c/osec? if whenever a and (3 are in S and a+/3 G A, then a+(5 G S. 
For any S giving a closed partition of A, the spaces gs = ©^gsga and g_s = ©^e-s 0" 
are subalgebras of g, and g = g_s © () © gs is a triangular decomposition of g. 

A weight module V with respect to 1) has a decomposition V = @x&h* ^->^' where Va = 
{v (zM \ hv = X{h)v for all h G ()}, and we say that the set of weights of V is the support 
of V and write supp(V) = {A G li* | Va ^ 0}. 
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2.1. Imaginary Verma modules. 

Let A = Su(— S) denote a closed partition of A. By the Poincare-Birkhoff-Witt theorem, 
the triangular decomposition q = g_s © f) © 0s of g afforded by S determines a triangular 
decomposition of the universal enveloping algebra U(g) of q given by U(g) = U(g_s) © 
U(f)) © U(gs). Let bs = f) © gs be the associated Borel subalgebra. Any A G ()* extends to 
an algebra homomorphism (also denoted by A) on the enveloping algebras U([)) and U(bs) 
with zero values on gs. Corresponding to any such A is a one- dimensional U(bs)-module 
Cv with XV = X{x)v for all x G U(bs). The induced module 

Ms(A) = U(g) ©u(bs) Cv, 

is a Verma type module as defined in [Coj and ^FSj . The canonical central element c acts 
by multiplication by the scalar A(c) on Ms(A), and we say that A(c) is the level of Ms(A). 
Clearly, Ms(A) ~ U(g_s) as a g_s-module. 

When S = A+, the module Ms (A) is an maginary Verm,a m,odule. It was shown in |F2j 
that the imaginary Verma module Ms(A) is irreducible if and only if A(c) ^ 0. 

3. VERMA modules corresponding to the map if 

3.1. (y9- Verma modules for the Heisenberg subalgebra. 

The subspace L := Cc © @n&i\mQn5 forms a Heisenberg Lie subalgebra of the affine 
algebra g. Thus, [x,y] = ^{x,y)c for all x G QmS,y £ QnS, where C,{x,y) is a certain 
skew-symmetric bilinear form with ^{QmS,Qn6) = if n 7^ — m, and whose restriction to 
QmS X Q-mS IS uondegeneratc for all m 7^ 0. The algebra L has a triangular decomposition 
L = L- © Cc © L+, where L± = 0^^^^ g±„5. 

Now let y) : N — ^ {±} be an arbitrary function defined onN={l,2,...}. The spaces 

Lj = ( dns) © ( 5-n.s) 

ngN,(/3(n)=± me'M,ip{m)=^ 

are abelian subalgebras of L, and 

L=L-©Cc©L+ 

is a triangular decomposition. Of course, if ^{n) = + for all n G N, then L+ = L"*", and 
this is just the triangular decomposition above. 

Let Cv be a one- dimensional representation of Cc © L+, where cv = av for some a G C 
and L'^v = 0. The corresponding if- Verma module is the induced module 

M^(a) = U(L) ©u(cc®L+) Cv. 

Clearly, M^(a) is free as a U(L~)-module of rank 1 generated by the vector 1 © w. 

When if{n) = + for all n & N, then M^(a) is just the usual Verma module for the 
Heisenberg Lie algebra L. Note that ii fi 7^ v?2 then M^^(a) and M^2(a) are not isomorphic. 

Remark 3.1. Let S = A_|_ and consider the imaginary Verma module Ms(A) where A G f)*. 
This module has both finite- and infinite-dimensional weight spaces relative to t). By |F2] . 
the sum of the finite-dimensional weight spaces in Ms(A) is the Verma module M^{X{c)) 
for the Heisenberg subalgebra L, where (p is the function with ip{n) = + for all n ^N. 
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Since U(L) has a natural Z-gradation, we obtain for an arbitrary function ip the following: 
Proposition 3.2. M^(a) is a Z-graded L-module, where 

M^(a) = 0M^(a)„, 

neZ 

and M(^(a)„ = U(L~)„t>. If ip{k) ^ ip{i) for some k,i G N, then Mip{a)n is infinite- 
dimensional for any n E 1^. 

Proof. Suppose n G Z>o and set M = M<^(a). 

If (/?(!) = — , then there is some r G N so that (p{r) = +. Let x E \-s and y G I rS 

be nonzero. Since the vectors x^'^'^^y^v G M„ are linearly independent for all k > 0, we 
have that M„ is infinite dimensional. Similarly, the vectors x^'^^~^'>'^y^'^v G M_„ are linearly 
independent for all fc > 1, so that M_n is infinite dimensional as well. The argument when 
(pil) = + is analogous. D 

Proposition 3.3. M^{a) is irreducible if and only ifa^O. 

Proof. Let {xjjigN be a basis of L+ of root vectors, and let {yi}ien be the dual basis of L~ 
so that [xi, yj] = 6ijc for all i,j. Set k = {ki, ^2, . . .) where ki G NU {0} for each i and only 
finitely many ki are nonzero, and say A; < £ if there is some s such that ki = ii for i < s 
and ks < is- The elements x{k) = Yli^i' ^^'^ vi^) = Iljl/j' ^^^ well defined since L+ and 
L~ are abelian. Moreover, the vectors y(k)v as k ranges over all such tuples in (NU {0})°° 
form a basis for M^(a). 

Now suppose a 7^ 0, and let w = J2k^i^)yi^)'^ ^^ ^ nonzero element of M^{a), where 
only finitely many of the scalars ^(k) G C are nonzero. Let m be the largest tuple with 
^{rh) 7^ 0. Then since Xiyfv = [xi,yf]v = iay^~^v for each £ > 0, it follows that 



e(m) I JJmJ ja^''"' 



ximjw = tim) I I rriji a^' 'v. 



Since a ^ 0, this implies that the submodule generated by w contains v and so is all of 
M<^(a). But w was an arbitrary nonzero element, so M^{a) is irreducible in this case. 
If a = 0, then N := ^i^QCy{k)v is a proper submodule. D 

3.2. (y9-imaginary Verma modules for g. For yj : N — ?■ {±}, next we construct a g- 
module containing a submodule for the Heisenberg subalgebra L isomorphic to M<^(a). Let 
A G f)* and assume A(c) = a. For 

S^ = A''_^ U {n6 \ n e N, ip{n) = +} U {-m6 | m G N, ip{m) = -}, 

where A'^ is as in (12.11) . the spaces Qs^ = 0ags 0^ and Qs^ = 0Q,g_s 0a are subalgebras 
of affording a triangular decomposition q = Qs^ © f) © 0s,, of 0- Let b^ = I) Q) gs^ be 
the Borel subalgebra corresponding to S^, and observe that bi^ D Cc © L+. Let Cvx be a 
one-dimensional module for b^, with gs^fA = and hvx = X{h)vx for all /i G f). 
We say that the g-module 

M^(A):=Ms,(A) = U(g)©u(fa,)Ct;A 
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is a if-imaginary Verma module. We identify 1 (g)f a with vx. The U(L)-sub module of M^(A) 
generated by vx is isomorphic to M^(a). If (p{n) = + for all n, then M^(A) coincides with 
the imaginary Verma module Ms (A) above with S = A+. 

In the proposition below we collect some basic statements about the structure of M^(A). 
The proofs are similar to the proofs of corresponding properties for the imaginary Verma 
modules in |F2t Props. 3.4 and 5.3] and so are omitted. 

Proposition 3.4. Let A G f)* and assume A(c) = a. If a ^ 0, then M^(A) has the following 
properties. 

• M(p(A) is a free U(0_s )-module of rank 1. 

• M^(A) has a unique maximal submodule and hence a unique irreducible quotient. 

• supp (M(^(A)) = IJ«gq {A — /3 + n(5 I n G Z}, where Q+ is the free abelian monoid 

(2) 

generated by all the simple roots in the base U of A^ (In the Ay-case, Q+ is the 
free abelian monoid generated by the simple roots a G (As)_|_ and by the ^a for the 
simple roots a G (A/) + .j 

• If ip{k) ^ ip{i) for some k,i &N, then dim M^(A)^ = oo for any fj, G supp (M^(A)). 

We have the following irreducibility criterion for modules M^(A). 

Theorem 3.5. Let A G i)* , A(c) = a. Then M^(A) is irreducible if and only if a ^ 0. 

This theorem will be proved in Section 15.11 as a particular case of the main result (see 
Corollary 15. 7p . 

4. Z-GRADED MODULES FOR HEISENBERG ALGEBRAS 

In this section we consider Z-graded modules for the Heisenberg subalgebra L with 
nonzero action of the central element c. To simplify the exposition, we will assume we 
have an infinite-dimensional Heisenberg Lie algebra H = Cc©0^g^v rgi Ccj, where [cj, Cj] = 
Si^-jC, and [cj, c] = for alH > 1 and all j. The case of the Heisenberg subalgebra L can 
easily be reduced to H by choosing an orthogonal basis in each root space gks and a dual 
basis in g^ks for each k > 1. 

Let % denote the category of all Z-graded H-modules V such that V = ©.g^Vj and 
CiVj C Vj+j. The irreducible modules in % on which c acts as zero (which we say have 
zero level) have been classified by Chari in [C]. Irreducible modules with nonzero level, 
but with < dime Vj < oo for at least one j have been described in [F3j . 

Definition 4.1. Let \/ be a Z-graded module for the Heisenberg Lie algebra H. Then we 
say 

(a) V has i-torsion if CiC^i has an eigenvector in V; 

(b) y is a torsion module ifM has i-torsion for every i; 

(c) V is torsion free if it has no i-torsion for any i; 

(d) V is locally finite if for any i > 0, CiC^i is locally finite on V, that is, 
dimspanc{(eje_j)'^f | fc > 0} < oo for any t> G V. 
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Clearly, any locally-finite H-module is a torsion module, and the converse is true for 
irreducible modules as the next result states. 

Proposition 4.2. Let V be an irreducible 'L-graded H-module. 

• If y has i-torsion, then V has a countable basis which consists of eigenvectors of 
eiC-i, that is, eiC-i is diagonalizable on V. 

• If y is a torsion module, then V is locally finite. 

• If\lis locally finite, then the CiC^i are simultaneously diagonalizable on V for all i. 

Lemma 4.3. Let V be an H-module such that c acts by the nonzero scalar a on V, and 
assume w &\/ is an eigenvector for CjC^j with eigenvalue A and for CiC^i with eigenvalue 
fi for some i ^ j . Then e^jW and ei-w are eigenvectors for CjC-j with eigenvalues X — ra 
and X -\- sa respectively, and they are eigenvectors for CiC-^i corresponding to eigenvalue ^. 



Proof. The Heisenberg relations imply for r, s > 1 that 



w 



(4.4) C-jc'^jW = (A — ra)e'^j w and eje^_jW = (A + (s — l)a)e' 

from which it follows (eje_j)e^'u7 = (A — ra)e^jW and {eje_j)e'LjW = (A + sa)e'LjW. The 
remaining assertion is clear from the commuting properties in H. D 

Next we consider U^ -graded H-modules V. By that we mean V = ^^g^oo V^ where if 
Vfc 7^ 0, then k = {ki, ^2, • • • , ), h G Z, and k^ = for all N » 0. Moreover, we require 
that e±j\/i C Vj_|_^, holds for all j E 'L and k G Z°°. Here C,j G Z°° is the Kronecker 
multi-index with 1 at the jth place and elsewhere. 

Theorem 4.5. Any Z-graded irreducible locally-finite H-module V with nonzero level has 
a Z°° -gradation V = ©^g^oo V^. 

Proof. Let V = 0^o ^^ be a Z-graded irreducible locally-finite H-module with c acting by 
the scalar a ^ 0. Then all CjC-j are simultaneously diagonalizable on V by Proposition 14. 2[ 
In particular, all the homogeneous spaces V„ have a basis consisting of common eigenvectors 
for the elements CjC-j, j G Z\ {0}. For some n, choose 7^ w G V„, a common eigenvector 
for all CjC-j, j G Z \ {0}. Let H(j) be the Heisenberg subalgebra generated by ej,e-j for 
each j. Then by (14. 4p . U(H(j))u7 is spanned by the vectors ejw, e^jW for r, s > 0. Now for 

k = {ki,k2, ■ ■ ■ , km, 0, 0, ... ) G Z°° consider y[ yl ■ ■ ■ yL w, where yi = Cj if fcj > and 
yi = C-i if ki < 0. These vectors span V = U(H)tf; by the irreducibility of V. For each such 
k G Z°°, set V^ = Cy[ 7/2 ■ ■ -yL w. Then V = 0^g2oo V^. The sum is direct, since by 
Lemma [4. 3 [ the eigenvalues of the CjC^j are sufficient to distinguish them. Note that all 
components V^ are at most one-dimensional and that V remains irreducible as Z°°-graded 
module. D 

4.1. Irreducible locally-finite modules over Heisenberg algebras. 

Let H be a Heisenberg algebra as in Section HI Denote by 'XH,a the category of all Z- 
graded locally-finite H-modules V where the central element c of H acts by the scalar a G C. 
Also, by 2,XH,a we denote the category of all Z°°-graded H-modules V with c acting by a. 
Theorem 14.51 implies that any irreducible module in XH,a belongs to 2,XH,a- Therefore, to 
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classify irreducible modules in %H,a it is sufficient to classify irreducible torsion modules 
in ZXH^a- 

Denote by W!XH,a C Xn.a and W2:,!XH,a C ZXh.o the full subcategories of the respective 
categories consisting of all finitely-generated H-modules on which etC-i is diagonalizable 
for all i 7^ (with a countable basis of eigenvectors). Note that by Proposition 14.21 any 
irreducible object of Xn.a belongs to 'W%H,a and also to 'WZ%H,a- Moreover, we have 

Proposition 4.6. The categories WXH,a (^nd W2,XH,a o^^e equivalent. 

Proof. We construct a functor from WXn.a to WZ%H,a- Let V G W%H,a and V = 0^^^ V„. 
We may assume that the generators are homogeneous (say in the spaces V„. for i = 1, . . . ,s) 
and are common eigenvectors for CjC^j, j G Z\{0}. The module V is spanned by the vectors 

n^i Vj "^^ where w G V„. is a generator which is a common eigenvector for the ejC^j for 
all j, Hj = Cj if kj > and i/j = e_j if kj < 0, and k^ = for A^ >> 0. We assign to such 
a vector Hfeil/l "^ the gradation Uid + A; G Z°°, where Ci has 1 in the ffist position and 
elsewhere. This makes V into a Z°°-graded module. Denote this Z°°-graded module by 
Fi(V). Hence, we obtain a functor 

Fi : WXH,a ^ WZXH,a. 

For the reverse functor, consider any M G 'WZ%H,a, M = 0fcgz°° ^k- Now define a 
Z-grading on M as follows: for any n G Z define M„ = 0^ M^, where the sum is over 
k = (fci, ^2, . . .) G Z°°, such that Yli^Li ^jj = '^^ Denote this Z-graded module by F2(M). 
hence we obtain a functor 

F2 : WZXH,a ^ WXH,a. 

Note that F2 preserves irreducibility. It is easy to see that the pair (Fi, F2) establishes the 
required equivalence of the categories. D 

4.2. Weight modules for Weyl algebras. 

Fix a nonzero a G C For n = 1,2,..., consider the n-th Weyl algebra A„ with generators 
Xj,(9j, i = l,...,n, and defining relations [di,dj] = = [xj,Xj] and [di,Xj] = Si^al. The 
algebra A„ is isomorphic to the tensor product of n copies of the ffist Weyl algebra Ai, 
which is the associative algebra of differential operators on the affine line. We allow n to 
be cxD, in which case Aqo is just the direct limit of the algebras A„. 

We will classify irreducible modules in 'XH,a using the classification of irreducible weight 
Aoo-modules. By specializing c to a and identifying di with Cj and Xi with e_j for alH > 
(after a suitable normalization), we obtain an isomorphism of the universal enveloping 
algebra of H modulo the ideal generated by c — a with Aqo. Hence, any irreducible module 
V G XH,a becomes a module for Aoo. 

Set [n] = {l,2,...,n} (where n = 00 is allowed and [00] = N). In A„, the elements 
ti = diXi, i G [n], generate the polynomial algebra D = C[ti | i G [n]], which is a maximal 
commutative subalgebra of A„. Denote by S the group generated by the automorphisms 
(Ji, i G [n], of D, where (Ti{tj) = tj — 6ijal. Then 9 acts on the set mapD of maximal ideals 
of D. 
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A module V for A„ is said to be a weight module if V = 0n,£n^oj.D ^m' "where Vm = {v E 
V I mt; = 0} (see JDCTO] . JBB] . and JBBF] ). 

If V is a weight module and V^^ 7^ for m G mopD, then m is said to be a weight of V, 
and the set {m G mapD | Vm 7^ 0} of weights of V is the support of V. It follows easily from 
the fact that Xid = ai{d)xi and yid = a^^{d)yi for all i and all ci G D that XiVra ^ ^^^(m) 
and diVm ^ V^ri(m)- 

Each weight module V can be decomposed into a direct sum of A„-submodules: 

V = 0Vo, Vo:=0Vm 

where runs over the orbits of S on mapD. In particular, if V is irreducible, then its 
support belongs to a single orbit. 

Following |BBFj . we say that a maximal ideal m of D is a break with respect to i E [n] if 
ti G m. We let I (m) denote the set of breaks of m. An orbit is degenerate with respect 
to i ii i E l(ta) for some mGO. Often we simply say is degenerate without specifying i 
or m. When I(m) = for all mGO, then is said to be nondegenerate. 

A maximal ideal m of D is a maximal break with respect to I C [n] if t, G m for each 
z G I, and tj ^ T(m) for each j G I"^ := [^] \ I and each r G S- The order of the maximal 
break is the cardinality of I, which may be infinite. 

We will always assume that a degenerate orbit for A„ has a maximal break m. The 
only time this assumption is necessary is when n = 00 (see [BBF[ Lem. 2.5]). We refer to 
A„-modules whose weights belong to a degenerate orbit with a maximal break as being 
admissible. 

The classification of irreducible admissible weight A„-modules was obtained in [BBj . 
and in [BBFj for the case n = 00. We briefly recall this classification for the sake of 
completeness. 

For a given orbit 0, we define the set 53© as follows. If is nondegenerate, then any 
maximal ideal gives a maximal break with respect to the empty subset of [n]. We fix a 
choice of a maximal ideal m in 0, and set 53o = {m} and 0^ = 0. In this case I(m) = 0, 
since there are no breaks. 

Now let be a degenerate orbit, and assume m is a fixed maximal break in 0. Let 
I = I(m) be the set of breaks for m. Define 
(4.7) 

*Bo = { (Uj af) (m) 6j G {0, 1} if j G I, 5^ = if j G I=, and only finitely many Sj ^ o\ . 
The ai commute, so the product is well-defined. For each p = ( Ylj '^/){'^) ^ ^0, we set 

(4.8) Op := I (n, (rf)ip) \ 7, = {-lY^+'k, k G Z>o if j G I, and 7,- G Z if j G v] , 

where only finitely many 7^- are nonzero. 

Suppose first that is a nondegenerate orbit of S on map D. Set A = A„ and 
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(4.9) S(0) = D/n, 

neO 

and define a left A-module structure on S(0) by specifying for i G [n] and d E D that 

(4.10) Xi{d + n) := ai{d) + ^^(n), di{d + n) := Uar^d) + crr\n). 

As S(0) is generated by 1 + m, we have that S(0) = A/Am where 1 + m ^-)■ 1 + Am. 
Now assume that is degenerate, and m is the fixed maximal break. For p G 53o set 

(4.11) §(O,p):=0D/n, 

neOp 

where Op is as in (14. 8p . One can define a structure of a left A-module on S(0, p) by the same 
formulae as in (14.101) . but with the understanding that when the image is not in §(0,p), 

the result is 0. Assuming p = ( Hi ^jO ('^)' ^^ i^sMe in this case S(0, p) = A/A(p, Zi, i E 1) 
where Zi = Xj if p is a break with respect to i, and Zi = di otherwise. The isomorphism is 
given by 1 + p \-^ 1 + {p, Zi, i E 1) . It follows from the construction that §(0) and S(0, p) 
are irreducible A-modules. 

Theorem 4.12. |BBFl Thm. 4.7] Let be an orbit o/ may D under the group S- Then 
the modules S(0) and S(0,p), where p G 53o, constitute an exhaustive list of pairwise 
nonisomorphic irreducible admissible weight An-modules with support in 0. 

Let W(A„) be the category of all admissible weight A„-modules, n < oo, and let H„ 
denote the {2n + l)-dimensional Heisenberg Lie algebra with basis c,ei,e-i,i G [n]. Then 
as an immediate consequence of Proposition 14. 6[ we have the following. 

Corollary 4.13. 

• The categories WXH„,a and W(A„) are equivalent. 

• The categories W%y\^a, "W2,XH,a and W(Aoo) are equivalent. 

Example 4.14. To illustrate Corollary I4.13[ suppose is nondegenerate, and m is the 
designated maximal ideal. Consider the irreducible weight module for A = Aqo given by 
S(0) = A/ Am = 0„go D/n, where D = C[ti \ i e N], and D/n = C for any n G 0. Then 
S(0) becomes a Z-graded irreducible H-module if we set 

S(0) = ^S'=(0), 

k€Z 

where 

^\o)= E D/((n,a?)H)' 

where only finitely many rjj are nonzero. The homogeneous space §''(0) = D/m. 
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As a consequence of Corollary 14. 13l we have the following stronger version of Theorem l4.5[ 

Theorem 4.15. For nonzero a E C, there is one-to-one correspondence between the iso- 
morphism classes of irreducible modules in the categories Xh.q; 'W2.XH,a one? W(Aoo)- 



Combining Theorem 14.151 and Theorem 14.121 we obtain the classification of irreducible 
modules in 3CH,a. 

4.3. Irreducible locally-finite modules over L. Now consider the Heisenberg subal- 
gebra L = Cc © ©^t^o 0'^<5 ^^ ^^^ affine Lie algebra g. For each k E Z, k ^ 0, assume 
dfc = dimgfc^ and write [d^] = {1, • • • ,dfc}. Choose a basis {xk,i \ i € [dk]} for Qks so that 
[xk,i,X-k,j] = Sijkc for all i,j. Then for every i, Xk,i and x_fc.j generate a Lie subalgebra 
isomorphic Hi. 

We will consider Z-graded L-modules V = 0,g2 Vj where Qks^j C Mk+j for all k and j. 
One can easily extend Definition 14.11 to the algebra L substituting basis elements {e^} by 

{Xk,i]- 

Fix a G C \ {0}. Let %\_^a be the category of all Z-graded locally- finite L-modules V 
where the central element c of L acts by the scalar a G C. Similarly one defines category 
W2,lXL,a- Clearly, all statements from the previous sections can be generalized to the setup 
of the Heisenberg algebra L. In particular, there exists the Weyl algebra A, generalizing 
Aoo, which takes into account the dimensions of the spaces QkS- Then Theorem 14.151 has 
the following straightforward generalization for L. 

Corollary 4.16. For a G C\ {0}, there is one-to-one correspondence between the isomor- 
phism classes of irreducible modules in the categories 'X\_^a, WZXl.o o,nd W(A). 

Example 4.17. Let a G C \ {0} and v? : N — )■ {±} be any function. Then the y^-Verma 
module M(^(a) is an irreducible object in the categories %\_^a and y<)Z%\_^a- If vik) = -\- 
and (p{i) = — for some k,i E N, then all the homogeneous components of M^(a) in the 
Z-grading are nonzero and infinite dimensional. 

4.4. (^-imaginary Verma modules for g. We will generalize the construction of the 
(y9-Verma modules for L as follows. Set 

(4.18) J= \J{ik,t) \te[dk]}. 



keN 



Consider a function ip : J ^ {i}? and define Lie subalgebras L^ of L by the following rule. 



v^ 



For any nonzero /c G Z, we say that Xk,i G L - if fc > and (f{k, i) = ±, or ii k < and 
(f{—k,i) = =F. Then 

L = LT©Cc©Lj, 

where L^ are abelian subalgebras of L. 

Remark 4.19. The function (f clearly depends on the initial choice of orthogonal bases in 
imaginary root spaces Qks with respect to the nondegenerate form on g. On the other hand, 
for each positive integer k, the number of + and — in the image of if does not depend on 
the choice of bases. 
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Let Cf be a one-dimensional representation of Cc © L^ with cv = af for a G C and 
L^f = 0. Then we construct the corresponding (^-Verma module 

M^(a) = U(L) ®u.ccffiL+) Ct;. 



V ' 



If (p{n,i) = ip{n,j) for all n and all i,j G [d„], then M<^(a) is just a yj-Verma module for 
L, where (p{n) = (p{n, i) for each n and any i. For any function (p, the (^-Verma module 
M^(a) is an object in the categories %\_^a and WZXl.o- One can easily see that M^(a) is 
irreducible if and only if a 7^ 0. 

For any such function (p and any A G J)* with A(c) = a, one can construct the (p- 
imaginary Verma module M(p{X) over g generalizing the construction of M(^(A) in the case 
of the function ip : N — )■ {±}: 

M^(A):=Ms,(A) = U(0)®u(b,)Ct;A. 

Theorem 4.20. Let A G f)*, A(c) = a and assume (^ : J — )■ {±} zs any function. Then 
M^(A) is irreducible if and only if a j^ 0. 

This theorem also will be proved in Section 15.11 as a particular case of the main result 
(see Corollary 15. 7p . 

4.5. Realization of locally-finite modules. 

Locally-finite L- modules have also been considered by Casati [CaJ . Following Casati's 
work we will construct realizations of irreducible locally-finite L-modules. 

Let K C N and set V = C[xi,X-k | « G N, A; G K]. Then it is easy to verify that the 
following formulas define a representation of A = Aoo on V: 



if i G N \ K 

if z G K, 

for all i G N, 



This module is isomorphic to the universal module Vk over A generated by a vacuum vector 
V, where diV = for any z G N \ K. Hence Vk — A/Bk, where Bk is left ideal of A generated 
hy di, i G N \ K. Clearly, this module is not irreducible. 

Now for each A; G K, fix ?9fe G C, and let i) = {'dk \ k E K}. Then we can construct 
the following quotient of Vk. Let Bk,^ denote the left ideal of A generated by the elements 
di,i E N\K, and Xkdk — "^k, k E K, and denote the quotient by Vk_^ = A/Bk,^. 

Suppose that ■(9^ G C \ Z for all fc G K. In this case, dk and Xi act injectively on Vk,^ for 
all fc G K and all i G N. Let A{i) denote the rank one Weyl algebra generated by di and 
Xi. Using the irreducibility of the Verma module over A{i) generated by a vacuum vector 
V such that diV = 0, we conclude that Vk ^ is an irreducible A-module. 
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This construction can be immediately generalized to the Heisenberg algebra L. In doing 
this, we will adopt the notation from Section 14.31 Then an L-module V is locally finite if 
for any /c G N and any i G [dfc], we have dim.spanc{{xk,jX-kj)"^v | m > 0} < oo for any 
f e V. If V is irreducible, this is equivalent to the vectors XkjX-kj being simultaneously 
diagonalizable for all k eN, j E [d^]. 

Fix a nonzero a G C, and take {}k,j G C for /c G K, j G [dfc]. Set i!} = {^kj | ^ G K, j G [d^]}. 
Consider the L-module \/K,-&,a = U(L)/BK,^,a, where Bk^^^q is the left ideal of U(L) generated 
by X-kj, k G N\K, Xk,jX-kj—'dk,j for /c G K, j G [d^] and c — a. Then VK,^,a is an irreducible 
L-module if and only if for any /c G K and any j G [d^], dkj is not an integer multiple of 
ka. Moreover, applying Corollary 14.161 we have 

Theorem 4.21. Up to an automorphism of L, for any irreducible locally-finite L-module 
M of level a ^ there exist a set K C N and scalars ^k,j, k E K, j E [dfc] with i^kj not an 
integer multiple of ka such that M is isomorphic to Vk.^.q- 

Corollary 4.22. Assume M is an irreducible L-module isomorphic to \/K,i},a- For K C N, 
set ykj = x_k,j if k E N \ K for all j E [dk] and set ykj = Xkj or x^kj if k E K for all 
j E [dk]- Then for any nonzero vector v E M, the vectors 

(4-23) ■■■Z/2,d2 ■■■?/2,i Z/i.di ■■■^i,i ^ 

vjith exponents pkj G N U {0} for all k,j and only finitely many of them nonzero form a 

basis for M . 

5. Generalized loop modules 

In this section, we study modules over the affine Lie algebra g induced from modules in 
the category %i^a via a construction analogous to that of the loop modules in [^ . Let S 
denote the set given by 

S = R U {n5 I nGZ\{0}}. 
where R = A!^, the positive real roots as in (12. ip . Set P = f) © 0s, where gs = ©/3gs0^- 
Then P = (f) + L) © gp, where gp = ©«gRg/3, and P is a parabolic subalgebra of g with 
Levi factor () + L. 

Let V G %L,a, V = 0fcg2^fc' ^^^ assume a 7^ 0. Suppose A G f)* is such that A(c) = a. 
Extend the module structure to P by setting gpV = 0, and hv = X{h)v for any v eMq and 
any h E\). Here Vq is the 0-component of V in the Z-grading. The action of () on the other 
components of V in the Z-grading differs only in the value of the degree derivation; that 
is, for any w E V^, hw = (A + k5){h)w for each h E^. (Recall that 5 is zero on f) © Cc and 
5{d) = 1.) 

Now consider the induced g-module given by 

(5.1) M(A,V) = U(g)©u(P)V. 

When V is an irreducible module in the category OCi^a, then M(A,V) is said to be a 
generalized loop module. When V is a y^-Verma module of L for some function (y9 : N — ^ {±}, 
which has been extended to a module for P by setting gpV = 0, then M(A,V) = M<^(A), 
the yj-imaginary Verma module for g as in Section 13.21 
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Proposition 5.2. Let A G [)* and suppose that A(c) = a 7^ 0. Let V be an irreducible 
module in X\_^a- Then 

• M(A,V) is a free \J(Q-R)-module of rank 1. 

• supp(M(A,V)) = U/3eQ {A — /3 + ri^ I n G Z} where Q+ is as in Proposition \3.4 . 



• dim M (A, V)^ = 00 for any fi of the form fi = X — (] + k6 for some /? 7^ and fc G Z. 

• dim M(A, V)^ < 00 only ifM is a (f -imaginary Verma module for some y? : N — )■ {±}, 
(f{m) = (f{n) for all ?Ti, n G N and /i = A — {if{m)m)6 for some m, G N U {0}. 

5.1. Irreducibility of generalized loop modules. 

Let A G [)*, A(c) = a 7^ 0, and assume V is a module in %i^a- Set 

M(A,V) = 0M(A,V),+,5. 

kez 

Then M(A,V) is an L-submodule of M(A,V) isomorphic to V. 

Lemma 5.3. Let A G f)*, A(c) = a ^ 0, and suppose that V is an irreducible module in 
^^L.a- Then for any nonzero submodule N C M(A, V) we have N = N fl M(A, V) 7^ 0. 

Proof. Let 11 = {ai, . . . , a„} be the base of simple roots for A, and assume a = X]?=i %'^i 
where each kj is in Z>o (or in |Z>o for any aj G (A;)+ in the A^J case). Set ht(a) = 
Yl^=i ^ji the height of a. The argument will follow the general lines of the proof of |F4l 
Lem. 5.4] and will proceed by induction on the height. Say a < [3 = Yl^j=i ^j^j i^ ht(a) < 
ht(/3) or if ht(a) = ht(/3) and ki = ii, . . . ,ks = is, but kg+i < is+i- 

By Theorem 14.211 we may assume V = VK,^,a for some K C N and some ■(9. Let N 7^ be 
a submodule of M(A, V). Assume f is a homogeneous generator of V, and let w G N be a 
nonzero homogeneous element. Then 

(5.4) w = '^UiVi, 

where we may suppose that the Vi are distinct monomial basis elements of the form (I4.23P 
and the Ui are linearly independent homogeneous elements of U(g_R). We may suppose 
that for each z G J there is some £j G Z such that Ui G U(g_R)_/3+^-5. 

Initially assume ht(/9) < 1, so that /3 is a simple root in A_|_ (or is \aj for some simple 

root aj G (A;)_|_ in the A2/ case). Suppose 7^ a; G Qp+mS for some ra eT,. Then xvi = 
for any i and 

(5.5) xw = y Jx,Ui\vi. 

Here [x, Mj] G g(m,+£i)<5 and [x,Mj] 7^ for all i (which can be seen from the loop realization 
of g). Since the Ui are linearly independent, and Ui G g-/3+45, which is one-dimensional, we 
have that £j 7^ £j if i 7^ j. Fix i, G J. Now using the notation of Section H73| we have that 
[x, Mj.] is a linear combination of the basis elements Xm+n^^^y We may suppose that m was 
chosen with \m\ sufficiently large so that m + £j, is not equal to k for any yfcj occurring in 
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any of the f j, and so that at least one of the Xm+ii ,j appearing in [x, ««.] equals ym+e.i,,j in 
Corollary 14.221 (any x-term not equal to a corresponding |/-terni will annihilate Vi,). Then 
[a;, Uj.Jfj. 7^ 0, and we have found a nonzero element xf in N, which gives the starting point 
for induction on the height. 

Suppose now that ht(/3) > 1. A basis for U(g_R) consists of monomials of the form 
^l\,nt ■ ■■^%,n2^%,nv ^^^^^ ^ ^ ^^h^j ^ Q-Pj+n,s, /?! < /32 < • • • , and if ^ = ^+1, then 
rii < rii^i. Thus, we can assume for w in (15. 4 p that 



EX Pi,t(i I f-L.j^ j-t.-L 



i) ... ^Pi,2 ^Pr,l 

t(i),'n.i,t(i) ft,2,'T.i,2 /3i,i,ni,i' 



where for each i we have Ui = Za'*'-'^ „ ■ ■ ■ z^J'^ „ z^''^ „ : each factor zr. . n- ■ is basis 
element for 0_^. +„^ 5 and these basis elements are ordered as in the monomials above; 

S/Ii A,j = /3; and X^/Ii^ij = ^i- We may suppose that we have indexed the summands 
so /3i 1 < /32,i < ■ ■ ■ and that among the f3ij with height equal to ht(/3i 1), pi_i is minimal. 
Now suppose X G 0/3i i_m<5 is nonzero for some m E Z, and observe that xvj = for each 
i so that xw is as in (15. 5p . Since [x, -Z/Sii.m.i] £ 0{m+ni,i)55 it is a linear combination of the 
Xm+ni i,j- We assume that m has been chosen with \m\ sufficiently large so that m + rii^i 
is distinct from all the k with i/kj occurring in some Vi, and so that at least one of the 

x^+m,^,j equals ym+m,,j- Since [x,ui] has 2;^|;*|JJ,„^^^(^j ■ ■ ■ 2^;;^,„,_2^j;;;;;^,_Ja;, 2/3,_,,ni,Jt^i 7^ 
appearing in it, we will have 7^ xw G N. Because ht(/3 — /3i^i) < ht(/3), we may apply 
induction to xw to find a nonzero element of N. D 

Lemma 15.31 immediately implies our main result about the structure of generalized loop 
modules. 

Theorem 5.6. Let A G i)* , A(c) = a ^ 0, and assume V is an irreducible module in %i^a- 
Then M(A,V) is an irreducible Q-module. 

As a consequence of this result, any irreducible module V from the category OCi^a with 
a 7^ and any A G P)* such that A(c) = a will determine an irreducible module M(A,V) 
for the affine Lie algebra q. Let V and W be irreducible modules from %]_^a with a 7^ 0, 
and suppose A,/i G f)* with A(c) = /x(c) = a. Then the modules M(A, V) and M(/i, W) are 
isomorphic if and only if V and W are isomorphic as L-modules and A = /i (up to a shift 
of gradation) . 

Corollary 5.7. Let A G i)* , A(c) 7^ 0, </? : N — )■ {±} any function, and let (^ : J -^ {±} 
be as in Section [7^ Then the ip-imaginary Verma module M(^(A) and the (p-imaginary 
Verma module M^(A) are irreducible. 

5.2. Partial generalized loop modules. 
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Now we consider particular examples of generalized loop modules. Assume I C N and 
let v? : N \ I — > {±} be any function. Set Kj = Cc © {®kei Q^ks) and let 

K= [ 0n5 j © f 5-mS 

Then K := Ki © K^ is a parabolic subalgebra of L. Let N be an irreducible locally-finite Z- 
graded module over the Heisenberg Lie algebra Kj with nonzero level a. Extend the action 
to a module structure over K by setting K+N = 0. With these ingredients, we construct 
an induced locally-finite L-module 

V:=Vi,^(N) = U(L)®u(K)N. 

Then V is the tensor product of the vector space N with the Verma module over the 
Heisenberg Lie algebra K<^ := K~ ©Cc©K+. Standard arguments (compare Props. [32] and 
13. 3p show 

Lemma 5.8. The L-module V = Vi^<^(N) is Z-graded and irreducible when a ^ 0. 

Let A G f)* be such that A(c) = a, and suppose that M(A,V) is the generalized loop 
0-module associated with A and V = Vi(^(N). Alternately, we can construct an induced 
module directly from N by first making N into a module for K © qr by having K^ © gp be 
in the annihilator subalgebra of N. Then we can induce to a module U(g) ©u(K®gR) N for q. 

Corollary 5.9. The g-module U(5) ©u(KffigR) N is isomorphic to M(A, V) for V = Vi^^(N), 
and hence it is irreducible. 

Proof. It is sufficient to note that V = U(L)N and to apply Theorem 15. 6[ D 
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